EQUICONTINUOUS FAMILIES OF MEROMORPHIC MAPPINGS 
WITH VALUES IN COMPACT COMPLEX SURFACES 



F. NEJI 

Abstract. We prove that a family of meromorphic mappings from a bidisc to a compact 
' complex surface, which are equicontinuous in a neighborhood of the boundary of the 

CN| I bidisc, has the volumes of its graphs locally uniformly bounded. 

^ ■ 1. Introduction. 

In this paper we study the equicontinuity properties of meromorphic mappings with values 
^ . in compact complex surfaces. Let be disk of radius r in C, D := Di, the bidisk of 

. I radius r of center in C^. Given < ri < r2, -R^(ri,r2) denotes the crown D^^y©^^. Recall 

' further that the Hartogs figure in is the following domain: 

a \ 

i/^ = [©^ X D] U [© X (D\Di_,)] , (1.1) 

where < e < 1. 
^ ■ The main result of this paper is the following. 

^ . Theorem 1. Let J-" be a family of meromophic mappings from to a compact complex 

! surface X . Suppose that there exists e > such that every f E is holomorphic on the 

fsj ! Hartogs figure C and T is equicontinuous on . Then for every < r < 1, there 

O ' is a constant Cr such that 

Voi(r/n(©^xX)) ^a, (1.2) 

for every f eT . 

X- 

■ Here V f denotes the graph of /. Recall that a meromorphic mapping / between complex 

manifolds Y and X is defined by its graph Fj, which is an analytic subset of the product 
y X X, satisfying the following conditions: 

1. is a locally irreducible analytic subset of F x X; 

2. The restriction 7r|Fj : Fj — Y of the natural projection vr : F x X — t- F to Fj is 
proper, surjective and generically one to one. A family T of mappings Y — > Z, where 
Y and Z are metric spaces, is called equicontinuous if for every e > 0, there is 5 > such 
that dist{f{z),f{w)) < e for every f E J-" and dist{w,z) < 5. 

One of the main ingredients of the proof of Theorem 1 is the following result. 



Proposition 1. Let he a family of meromophic mappings from ID)'^ to a compact complex 
surface X. Suppose that there exists e > such that every f E T is holomorphic in 
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Section 2 



— e, 1) and the family T is equicontinuous on R^{l—e, 1). Then there exists a constant 
Cr such that 

yo\{rfn(Dlxx)) ^Cr, (1.3) 

for every f . 

In [Ivl] the notions of weak and strong convergence of sequences of meromorphic map- 
pings were introduced. We recall them in section 4 and prove the following. 

Proposition 2. If X is a non-pro jective compact complex surface, then every weakly 
convergent sequence of meromorphic mappings from a bidisk to X converges strongly. 

Remcirk 1. 1. Remark that neither Theorem 1 nor Corollary 1 follow from the Oka- type 
estimates proved in [F-S]. The reason is that to estimate the volume of F/ one needs, in 
particular, to estimate the integral if*^^)'^ , and the current {f*uj)'^ is of bidimension 

(0,0). 

2. In the case X is a Kahler manifold. Theorem 1 is proved In [Ivl]. 

3. In Section 5, we show by an counterexample that Theorem 1 is not valid in general 
when dimX > 3. 

I'm grateful to my advisor S. Ivashkovich for guiding me in this research work. 

2. Estimates of areas of sections 

Let h he a. hermitian metric on a complex manifold X, and let uj be the (l,l)-form 
canonically associated with h. Metric h (and form to) is called pluriclosed (or dd'^-closed) 
if dd^u = 0. By [Ga], every compact complex surface admits a pluriclosed metric form. 
For / : — > X a meromorphic map, we denote by Aj C D^(r) the set of points of 
inderterminacy of /. Consider the current Tj = /*a; on D^. Write 

Tf^hfdz^Adz^, 

where tj'^ are distributions on D^, smooth on D^\A/. 

A complex manifold X is called disc-convex if for every compact set K (£ X there exists 
another compact set K such that for every analytic disc (/? : D — >■ X, with (^(5D) C K, one 
has </?(D) C K. Note that compact manifolds and Stein manifolds are disc-convex. More 
generally, each 1-convex manifold is disc-convex. 

Proposition 3. Let be a family of meromophic mappings from to a disc-convex 

manifold X, which admits a pluriclosed metric form. Suppose that for some < e < 1, 
the family T is holomorphic and equicontinuous on i?^(e, 1). Then for every < r < 1, 
areas of graphs of restrictions Fj^ n (D^-^ (r) x X) of f to the discs D^-^ (r) = {zi} x3{r) are 
uniformly bounded in Zi e D(r) and f & T. 

Proof. The proof will be done in three steps. First two we shall state in the form of a 
lemma. 

Lemma 1. Distributions t'^^ are locally integrable in D^. 

Proof. Note that the family of smooth forms {T/-|^2(,. i): / G T} is equicontinuous on 
B?{r, 1). Fix ri e [r, 1[ close enough to 1. Let z — (^1,^2) € H^^- 
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Set B)zi {ti) = {zi} X D(ri) . Consider functions a/ given by 



af{zi) 



Tf 



tf dz2Adz2. 



(2.1) 



D is the canonical 



Functions aj are well-defined and smooth on D\7r(Aj), where vr : 
projection on the first factor. The condition that dd'^Tf = implies, in particular, that 



dHf 



dHf 



dHf 



dHf 



dzidzi dz2dz2 8x28 zi dzidz2 
Now we can estimate the Laplacian of a/ on D\7r We have 



0. 



(2.2) 



dHf 

■^—dz2 Adz2 — 



dzidzi 



21 (n) 



dHf 



dHf 



dH 



f 



ziiri) 



dz2dzi dzidz2 dz2dz2 

de^ 



dZ2 f\dz2 = - 



dt 



12 



dzi 



■dzo 



i f dtf i f dtf 
+ 2 J -d;;''^—2 J -9^dz-2^--M^i)- 



(2.3) 



Since Tf is smooth in a neighborhood of D x dJ}, (f)f are smooth in the whole unit disc 
D, for every f & J-'. Set ipf{zi) = 4>f *ln\( — zi\. Then 

Aipf = (pf. 

Set 

hf := Qf-ipf. 

Since a/ is positive on 3\'ri{Af) and ipf is smooth on 



(2.4) 
(2.5) 

hf is bounded from below on 



D. Also Ahf = on D\7r(Aj). Therefore hf extends to a superharmonic functions on 
D. Therefore hf G see [R, 2.5 Theorem 1]. It follows that tf G A 

similar argument shows that tf is locally integrable in D^. Positivity of Tf implies that 
tftf ^ Itfl"^. So, in particular. 



\tf I ^ 



D2(ri) D2(ri) 



j-22 



\D2(ri) \ 



(n) 



which gives that tf G Lj^^ 



Lemma 2. Under the hypotheses of Proposition 3, the family \ t 
hounded in L} (D^(r)) , for every < r < 1. 

Proof. Let ©^(r) C ©^(ri) C D^. According to (2.3), we have 

Aa/(^i) = 0/(^i). 



(2.6) 

□ 

is uniformly 
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where 0/ is a smooth function on D. Moreover from (2.3) we see that the family 0/ 
is equicontinuous. Fonction hf given by (2.5) is superharmonic in D and harmonic on 
D\7r(A/). Therefore 

Ahf^- J2 c,(/)5.,(/) =: (2.7) 
where Cj > 0. Therefore, we can rewrite (2.5) as 

Note that are equicontinuous on D(r). 

Fix 5 > such that 3{S,Zj), which Zj G ^{Af), are pairwise disjoint. Let (/? be a test 
function on D(r) with supp(f CC D((5, Zj). 

Let ay(2;i) = I J tj^^dz2 Adz2, where tj^^ is the smoothing of tj^ by convolution. Since 

— > if in L^(D2(r)), we get by the Fubini Theorem that a} — > af in L^(D(r)). 
Hence, 



< 



Aaj,</7>= y aj(2;i)A</?(2;i)d2;i Ad^^i = ^ J J t'j^^A(p{zi)dz2Adz2AdziAdzi 



2 



/ / 

.i(n)D(5,2,) 



5,z,)D,i(ri) 



tj^^Aip{zi)dzi A dzi A dz2 A dz2 



2 



dzidzi 



ip{zi)dzi A dzi A dz2 A dz2 



.i(n)lD)(<5,Zj) 



I 
2 



V^(^i; 



dzidzi 



dz2 A dz2 



ji(ri) 



dzi A dzi 



J 



Using (2.5), we obtain 



< 



if if dt'A i f dti' 

Aa^,^>=- j ^{z,) - j ^dz2 + - j ^dz2\dz,Ad-z. 

\ 9Az-^(ri) a»;.i(ri) 



I 

'2 



dt 



dz2 



dzo 



dziAdzi — >< (f)f,(fi >, 



/ 



yao^j (n) 
as e — > 0. 

Therefore, Aaf = (f)f in D(r) in the sens of distributions. By regularity of the Laplacian, 
a/ G C°°. It follows that tj^ is uniformly bounded in (D^(r)) . Same is true for t^- Using 

(2.6), we see that are uniformly bounded in Lj^ip'^^r)) . 

□ 



Remark 2. This lemma can be proved also using the Oka-type inequality from [F-S]. 
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End of the proof. We denote by / the mapping f{z) = {z,f{z)) into the graph Tf. Fix 
some < r < 1. The area of F/ n (D^^ (r) x X) is given hy 

area(F/n(B^i(r)xX)) = area/(D^,(r))= J (7>|D^,(r) + dd"|z2|^) = a/ (zi)+ J dd"|z2|^ 

According to Lemma 2, a/ are uniformly bounded. Therefore, the areas ofF fr\{B>zi (f) x X) 
are uniformly bounded in / and Zi. The proof of Proposition 3 is complete. 

□ 



3. Estimates of volumes 

In this section we shall prove the Proposition 1 stated in Introduction. Along the proof, 
we shall crucially use the following results of Barlet (see [Bal] and [Ba2]). We recall that 
a striclty q-convex function p on the complex space X with dimX — N is a real valued 
C^-function such that the hermitian matrix consisting of the coefficients of the (1, l)-form 
dd'^p has at least N — q + 1 positive eigenvalues at all points of X. The complex space X is 
called g-complete if it admits a strictly g-convex exhaustion function p: X — )■ M+, 1. 
Note that, in the case q = 1, X is Stein. 

Bl. Let C be a q- dimensional compact analytic subspace of a complex space X. Then C 
admits a fundamental system of (g + l)-complete neighborhoods. 

B2. Let X be a {q+ l)-complete complex space and let p : X M"*" be a strictly q-convex 
function. Let h be some -smooth hermitian metric on X . Then there exists a hermitian 
metric hi on X and a function c : M"^ — >■ IR"^ (both of class C"^) such that 
(i) hi > h; 

(a) the (g + + l)-/orm Q = dd"^[(cop)a;^J is strictly positive on X. 

Here Uh is the (1, l)-form canonically associated with h. A (g' + l,q' + l)-form Q, is called 
strictly positive if for any x e X and linearly independent vectors Vi,...,Vqjf.i e Ty.X one 
has VLx {ivi Avi, ...,ivg^i AVg+i) > 0. 

It should be noted that Enriques-Kodaira classification of compact complex surfaces 
implies that if a compact surface X contains an infinite number of rational curves, then 
X is projective and, in particular, Kahler, (see [BHPV]). Theorem 1 for Kahler manifold 
was proved in [Ivl]. Therefore, in our proof we can suppose that our surface X contains 
at most finite number of rational curves. 

We need to prove the uniform estimate of volumes of F/ 

Vol(F^) = J {Tf + dd'^\\zr)\ifeJ'). (3.1) 

If the result is false, then there exists a sequence /„ e of meromorphic mappings from 
to a compact complex surface X holomorphic on i?^(e, 1) such that 

i /nU2(6,i) uniformly converge to /; 
£ Vol(F^J^oo. 

3 Taking a subsequence we can suppose that F/^ converge in Hausdorff metric on 
compacts subsets in x X to a closed set F. 
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Since /„(c?D^) arc homologous to zero in X for every n, /(9D^) is homologous to zero 
in X . Therefore / extends meromorphically to D^, see Lemma 2.5 in [Iv2]. So we 
have rn[(©2\Aj) xX] = r/. We prove that T/^ n [(D^yA/) x X] ^ T/ n [(D^y^/) x X]. 
Indeed, if zq ^ A/, i.e., / is holomorphic in a neighborhood of zq^ then we can find 
neighborhoods U 3 Zq and V 3 yQ = f{zo) such that f{U)r\dV = 0. But then, for enough 
large n, fn{U) HdV = 0. Let i : V — )■ V be an isomorphism onto the bounded open set 
in C^. Now io fn'.U — > V is a sequence of holomorphic mappings of U into V. So we 
can find a convergent subsequence. Therefore, the graph of the limit must coincide with 

TfniUxV). 

We can suppose that Af = {0}. If (0,x) G [F fl ({0} x X)] \r/ then there exists a rational 
curve Cx containing x. Indeed, if {zn,Xn) G F/^ converge to (0,a;), then by to Proposition 
3, area{fn{/^z„)) is uniformly bounded. By Bishop's Theorem (see for example [St]), we 
can assume, after passing to a subsequence, that fn{Az„) converge to /(Dq) UC, where 
C is a finite union of rational curves, see Lemma 10 in [lv3]. But {0,x) ^ /(©o) because 
{0,x) ^Tf. The only possibility is that {0,x) e C. Since the number of rational curves in 
X is finite, we see that 

r = r;u({ o}xul,Q). 

According to [Bal], Ffl ({0} x X) admits a 2-complete neighborhood W C {0} x X. In 
addition x is also 2-complete. We apply Barlet theorem [Ba2], by taking p to be 
strictly 2-convex exhaustion of x in order to have a strictly dd'^-exa.ct (2,2)-form Q 
on X W. Let r be a fixed (l,l)-form of class such that dd'^r — fl. We can suppose 

thai reC^(D xW), i.e, T is smooth up to the boundary. Hence, 

Vol(r;J< j Q= j dd^T^ (3.2) 
r/„|{D2xW) r/„|(D2xW^) 

d^T < C, (3.3) 



/ 



where the constant C does not depend on /„. Because converge on compacts subsets 
outside of zero, d'^r is of class on D x W, which is a contradiction. The proof of 
Proposition 1 is complete. 

4. Proof of Theorem 1 

Now we prove Theorem 1. If we proceed by contradiction. Then, there exists a sequence 
/„ e J-" of meromorphic mappings from BP to a compact complex surface X holomorphic 
on i?^(e) such that 

1 fn\H2{e)^ /; 

2 VoI(F/Jdxa)^oo. 

According to [Iv2, Theorem 1], / extends to D^\A, where A is discrete. Take sq E A and 
let Sg^{r) be some euclidcan sphere centered at sq such that Sg^^{r)riA = 0. Since fniSg^) 
is homologous to zero in X, for n > 1, f{SgJ is homologous to zero in X. According to 
[Iv2], this implies that / extends onto the ball Egg with dBgQ = S^^. Therefore, by [Ivl, 
Proposition 1.1.1], fn — > f on compacts subsets of D^\A/. An appfication of Proposition 
1 applied to / gives a contradiction. 

□ 
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5. Proof of Proposition 2 

Let {fn} be a sequence of meromorphic mappings from to a complex compact surface 
X. Let us recall the following definitions from [Ivl]. 

Definition 1. We say that {fn} converges strongly (s-converge) on compacts subsets in 
to a meromorphic map f : — > X if for any compact set K G X 

n- lim Tf^n{KxX) = Tfn{KxX). 

n—^oo 

Here H — lim denotes the limit in the Hausdorff metric. 

Definition 2. We say that a sequence of meromorphic mappings fn : — > X converges 
weakly (w- converge) on to a meromorphic map f : — > X if there exists a discrete 
subset A o/D^ such that fn — > f strongly on compacts subsets in D^\A. 

Proof of Proposition 2. Let : — ^ X be a sequence of meromorphic mappings from 

to compact surface X converging weakly in to a meromorphic map / : — )■ X. 
Therefore, there exists a discrete subset A of such that /„ — > f in D^\A. Without 
loss of generality we can suppose that A = {0}. We shall prove that, for every compact 

n- lim T,n(KxX)^rfn{KxX), 

i.e., the sequence of graphs T f^n{K x X) converges in the Hausdorff metric to the graph 
of the hmit. We have earher proved that Vol (Fj^) are bounded. Therefore, there exists a 
subsequence, (still denoted by F^^ fl x X)), which converges to 



F = F/n(fs:xX)u({o} xx). 

We have already proved in the proof of Proposition 1 that if a; G F\Fy, then there exists 
a rational curve C 3 x. Since X is not Kahler compact surface it contains at most a finite 
number of rational curves, which is a contradiction. Therefore F = F^. 

□ 



6. Example 

In general, if the manifold X is of dimension bigger than two. Theorem 1 doesn't hold 
true. Consider metric form on a Hopf manifold X" = (C"'\ {0}) / (-z ~ 2z) of any dimension 
n>2 defined by 

1 {dz,dz) i dziAdzi + ... + dZnAdZn 

2 \\z\\^ " 2 ^„ 

We use the following notations: {dz, dz) = dzi A dzi + . . . + dzn A dzn, {dz, z) = dzi A + 
... + dzn A Zn and {z, dz) — z\/\ dzi + ... + A dzn- 

Example 1. Consider holomorphic maps fn ■ -B^ — > X^ defined by fn{zi,Z2) = (-21,-22, ^) • 
So, {/„} is equicontinuous on i?^(e, 1), for any e > 0. But as n — > 00, Vol(F/„) — > 00. 
Indeed, if z' — (-21,-22), then 



/„(B2) B2 
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2 / \ 2 

i dzi A dzi + dz2 A dz2 \ f I "^X dzi A dzi A dz2 A dz2 

2 



£2(1) B2(i) 

1 

^ +00, 



as n — > 00. 



□ 



Definition 3. We say that h is plurinegative if dd'^cu < 0. 

Remark that if n = 2, then for ou defined by (6.1) one has dd'^ou = 0, i.e, a; is pluriclosed. 
Lemma 3. If n> 3, then uj is plurinegative but not pluriclosed. 

Proof. Let uj is the metric form on X defined as in (6.1). Then 

^ i (z,dz) A (dz,dz) 
OUJ — — - 



2 z 



|4 



^ i {dz,dz) A{dz,dz) .{dz,z) A{z,dz) A{dz,dz) 
^~~2 II z ||4 II z ||6 

dd'uj = 2idduj = ^j^{ II z f {dz,dz)-2{dz,z)A{z,dz)). 

Uv^{vi,...,Vn) e C", then 

(II z 11^ {dz,dz) -2{dz,z) A {z,dz)) A {v,v) =\\ z \\^\\ v \\^ -2{v,z){z,v) 

^\\z\mvf-2\{v,z)\'^>0, 
according to the Schwarz inequahty. Therefore, 

dd''u;{ib,,h,ib2,h) = - II 61 II' (II z 111 62 ||2 -2|(62,^)r) < 0, 
i.e., dd'^uj is non positive and not identically zero. Hence the result. □ 

Remark 3. Note that if n > 3, X"' admits no pluriclosed metric form. It is sufficent to 
prove this for n = 3. If is such a form, then for a; as in (6.1) one has 

0> JnAdd^u^ J dd^n Au^O, 

which is clearly impossible. 

Remark 4. We believe that our Theorem holds for X of any dimension admitting a pluri- 
closed metric form. The result should be true also for Hartogs figures in all dimensions. 
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